In this paper, we introduce a new class of (p, h)-convex functions which generalize P-functions and convex, h, p, s-convex, Godunova-Levin functions, and we give some properties of the functions. Moreover, we establish the corresponding Schur, Jensen, and Hadamard types of inequalities.
, n = r + , m = t + , and k, r, t ∈ N .
Definition  [] Let h : J → R be a non-negative and non-zero function. We say that f : I → R is an h-convex function or that f belongs to the class SX(I), if f is non-negative and f αx + ( -α)y ≤ h(α)f (x) + h( -α)f (y)
for all x, y ∈ I and α ∈ (, ).
The h-and p-convex functions were introduced by Varšanec, Zhang and Wan, and a number of properties and Jensen's inequalities of the functions were established (cf. [] ). As one can see, the definitions of the P-function, convex, h, p, s-convex, Godunova-Levin functions have similar forms. This observation leads us to generalize these varieties of convexity.
Definitions and basic results
In this section, we give new definitions and properties of the (p, h)-convex function. Throughout this paper, we assume that (, ) ⊆ J, f and h are real non-negative functions defined on I and J, respectively, and the set I is p-convex when f ∈ ghx(p, h, I) or f ∈ ghv (p, h, I) . We first give a definition of the new class of convex functions.
Definition  Let h : J → R be a non-negative and non-zero function. We say that f : I → R is a (p, h)-convex function or that f belongs to the class ghx(h, p, I), if f is non-negative and
for all x, y ∈ I and α ∈ (,  ghx(h, p, I ).
where p is an odd number and x ≥ , we then have
and hence, f belongs to ghx(h k , p, I).
Next, we discuss some interesting properties of (p, h)-convex (concave) functions, which include linearity, product, composition properties, and an ordered property of h and p. In addition, we give some interesting properties of the (p, h)-convex function, when h is a super(sub)-multiplicative function.
Proof The proof immediately follows from the definitions of the classes ghx(h, p, I) and ghv(h, p, I).
Property  Let h  and h  be non-negative functions defined on an interval J with h
Proof If f ∈ ghx(h  , p, I), then for any x, y ∈ I and α ∈ (, ) we have
and hence, f ∈ ghx(h  , p, I).
When p >  and x, y ∈ (, ], we have g (p) < , and so g(p  ) ≤ g(p  ). We then obtain
since f is monotone increasing and f ∈ ghx(h, p  , I). Therefore, we get f ∈ ghx(h, p  , I).
The results of (b), (c), and (d) follow by similar arguments as above.
Property  Let f and g be similarly ordered functions on I, i.e.,
t)) and c is a fixed positive number, then the product fg belongs to ghx(ch, p, I
). Similarly, let f and g be oppositely ordered, i.e.,
I), and h(α) + h( -α) ≥ c for all α ∈ (, ), where h(t) = min(h  (t), h  (t)) and c is a fixed positive number, then the product fg belongs to ghv(ch, p, I).
Proof We only give a proof for the first part, since the result of the second part of this theorem follows by a similar argument. By (.), we have
Let α and β be positive numbers such that α + β = . We then obtain
which completes the proof.
Definition  [] A function h : I → R is called a super-multiplicative function if
for all x, y ∈ J. http://www.journalofinequalitiesandapplications.com/content/2014/1/45
If the inequality sign in (.) is reversed, then h is said to be a sub-multiplicative function, and if the equality holds in (.), then h is called a multiplicative function. 
and h is sub-multiplicative, then the inequality
holds for all x, y ∈ I and all α, β >  such that α + β ≤ . 
By setting α = β, where α ∈ (,   ), and dividing both sides of the inequality above by f (), we obtain h(α) ≥  for all α ∈ (, . We then have a + b =  and
.
by the definition of the (p, h)-convex function, and hence f () = .

Property  Suppose that h i : J i → (, ∞), i = , , are functions such that h  (J  ) ⊆ J  and h  (α) + h  ( -α) ≤  for all α ∈ (, ), and that f : I  → [, ∞) and g : I  → [, ∞) are functions with g(I  ) ⊆ I  ,  ∈ I  , and f () = .
If h  is a super-multiplicative function, f ∈ SX(h  , I  ), and f is increasing (decreasing) and g ∈ ghx(h  , p, I  ) (g ∈ ghv(h  , p, I  )), then the composite function f • g belongs to ghx(h  • h  , p, I  ). If h  is a sub-multiplicative function, f ∈ SV (h  , I  ), and f is increasing (decreasing) and g ∈ ghv(h  , p, I  ) (g ∈ ghx(h  , p, I  )), then the composite function f • g belongs to ghv(h  • h  , p, I  ).
Proof If g ∈ ghx(h  , p, I  ) and f is an increasing function, then we have
for all x, y ∈ I  and α ∈ (, ). Using Property (a) with p = , we obtain
If f is a convex or concave function, then we may give a similar statement on the composite function of f and g.
Property  Let f : I  → [, ∞) and g : I  → [, ∞) be functions with g(I  ) ⊆ I  . If the function f is convex and increasing (decreasing), and g ∈ ghx(h, p, I  ) (g ∈ ghv(h, p, I  )) with h(α) + h( -α) =  for α ∈ (, ), then f • g belongs to ghx(h, p, I  ). If the function f is concave and increasing (decreasing), and g ∈ ghv(h, p, I  ) (g ∈ ghx(h, p, I  )) with h(α) + h( -α) =  for α ∈ (, ), then f • g belongs to ghv(h, p, I  ). http://www.journalofinequalitiesandapplications.com/content/2014/1/45
Proof If g ∈ ghx(h, p, I  ) and f is an increasing function, we then have
for all x, y ∈ I  and α ∈ (, ). Since h(α) + h( -α) =  and f is convex, we obtain
which implies that f • g belongs to ghx(h, p, I  ).
Schur-type inequalities
In this section, we establish Schur-type inequalities of (p, h)-convex functions.
Theorem  Let h : J → R be a non-negative super-multiplicative function and let f : I → R be a function such that f ∈ ghx(h, p, I). Then for all x
the following inequality holds:
If the function h is sub-multiplicative and f ∈ ghv(h, p, I), then the inequality sign in (.) is reversed.
Proof Let f ∈ ghx(h, p, I) and let x  , x  , x  ∈ I be the numbers stated in this theorem. Then one can easily see that
We also have 
Jensen-type inequalities
In this section, we introduce some Jensen-type inequalities of (p, h)-convex functions.
Theorem  Let w  , . . . , w n be positive real numbers with n ≥ . If h is a non-negative supermultiplicative function and if f ∈ ghx(h, p, I
) and x  , . . . , x n ∈ I, then we have the inequality . Assuming inequality (.) holds for n -, we obtain
and, hence, the result follows by mathematical induction.
Remark  For h(α) = α and p = , inequality (.) becomes the classical Jensen inequality. 
